Vacuum tube dewatering method and light well point method have been widely used in engineering dewatering and foundation treatment. However, there is little research on the calculation method of unsaturated seepage under the effect of vacuum pressure which is generated by the vacuum well. In view of this, the one-dimensional (1D) steady seepage law of unsaturated soil in vacuum field has been analyzed based on Darcy's law, basic equations, and finite difference method. First, the gravity drainage ability is analyzed. The analysis presents that much unsaturated water can not be drained off only by gravity effect because of surface tension. Second, the unsaturated vacuum seepage equations are built up in conditions of flux boundary and waterhead boundary. Finally, two examples are analyzed based on the relationship of matric suction and permeability coefficient after boundary conditions are determined. The results show that vacuum pressure will significantly enhance the drainage ability of unsaturated water by improving the hydraulic gradient of unsaturated water.
Introduction
In geotechnical engineering, vacuum drainage method has been widely used. In order to improve the efficiency and effectiveness of pumping, vacuum drainage puts negative air pressure in the dewatering wells or drainage pipes to improve the hydraulic gradient of groundwater. The method of vacuum drainage can effectively remove the interstice water and the pore water in weak permeable layer which is difficult to be treated by the traditional drainage method, providing a water-free environment for the underground excavation. In the process of vacuum drainage, the water discharged can be divided into two parts; one is the discharge of saturated water, mainly analyzing the change of free water surface; the other part is the seepage of unsaturated water. For the vacuum seepage of water below the free surface, the emphasis is on the changes of waterhead, hydraulic gradient, and water discharge caused by the vacuum pressure field. For the vacuum seepage of the unsaturated soil, the seepage process is more complex mainly because of its unsteady permeability coefficient. The permeability coefficient of unsaturated soil changes with the change of water content, and it is also affected by soil deformation and other factors. The studies of unsaturated soil in vacuum field mainly include hydraulic boundary conditions and the scope of the vacuum pressure transmission and the estimation method.
At present, many scholars have studied the seepage of unsaturated soil, which is the basis for studying the seepage in vacuum drainage. Cao et al. [1] conducted an experiment to study the hydraulic properties of cracks. The dynamic development of cracks in the expansive soil during drying and wetting has been measured in the laboratory and then the unsaturated seepage in cracked soil is analyzed. Huang and Zhou [2] analyzed the movement of water flow in unsaturated fractured rock with the sandstone sample through experimental research and numerical simulation.
In the aspect of numerical analysis, many methods have been used to solve the unsaturated seepage problems. Lam and Fredlund [3] discussed the saturated-unsaturated transient finite element seepage model for geotechnical engineering. Huang and Jia [4] analyzed the effects of unsaturated transient seepage concerning the stability of an earth dam under rapid drawdown using finite element method. Ng and Shi [5] conducted a parametric study using the finite element method to investigate the influence of various rainfall events and initial ground conditions on transient seepage. Sako and Kitamura [6] proposed a practical numerical model 2 Mathematical Problems in Engineering for seepage behavior of unsaturated soil to improve the previous model proposed by Kitamura et al. [7] . Zhang et al. [8] proposed a method to simplify the finite element analysis of seepage to a certain degree with satisfactory results. Pedroso [9] presented a solution to seepage problems in porous media considering the complete time-dependent transition from full saturation to partially unsaturated states. Fu and Jin [10] proposed a numerical model to simulate the unsteady seepage flow through dam, with both saturated and waterhead as variables to describe the seepage domain. Andreea [11] presented stability and seepage analysis performed in unsaturated regime by using steady-state analysis and transient analysis. Based on the theory of porous media, Garcia et al. [12] used a multiphase coupled elastoviscoplastic finite element analysis formulation to describe the rainfall infiltration process into a one-dimensional soil column and obtain the results of generation of pore water pressure and deformations. Liu et al. [13] also analyzed the seepagedeformation in unsaturated soils in numerical way. Wang and Li [14] presented solutions in one-dimensional coupled seepage and deformation of unsaturated soils with arbitrary nonhomogeneous boundary conditions by using finite difference method. The result indicates that the boundary conditions and the coupling effect have a significant influence on the seepage in unsaturated soils. Using eigenfunction expansion and Laplace transformation techniques, Ho et al. [15] discussed the dissipation of excess pore-air and pore water pressure in the two-dimensional (2D) plane strain consolidation of an unsaturated soil stratum. Ho and Fatahi [16] also introduced an exact analytical solution predicting variations in excess pore-air and pore water pressures of unsaturated soil stratum in 2D plane strain condition. Lu and Godt [17] discussed the infinite slope stability under steady unsaturated seepage conditions, and a case study is presented to examine the predictive utility of the framework proposed in research. In the simulation of steady-state subsurface flow, Romano et al. [18] analyzed the unsaturated flow and seepage faces by theory models.
In the experimental study, many model experiments and field tests have been conducted; for example, Su et al. [19] studied the water seepage and intermittent flow in unsaturated, rough-walled fractures.
Although a lot of work on unsaturated soil seepage has been conducted, the unsaturated seepage in vacuum drainage conditions is not fully studied. The current study of vacuum drainage method is limited to saturated seepage. Pan [20] and Huang et al. [21, 22] analyzed the mechanism of vacuum tube dewatering by laboratory experiment and field test. The lack of research leads to the weak theoretical and computational basis of vacuum drainage, which severely limits the development of the method. In order to obtain the general law of vacuum seepage in unsaturated soil, the finite difference method is used to analyze the vacuum seepage model with flux boundary condition and waterhead boundary condition.
Gravity Drainage Ability
When the groundwater level descends under the action of drainage wells, there will be unsaturated zone above the free water surface. When soil is saturated, the pore water will move out because the gravity of water is far greater than the surface tension. In the process of water discharge, the air gradually occupies part of the water's position, which makes saturated soil unsaturated soil. In this situation, the residual water keeps balancing under the action of surface tension and gravity, which makes the pore water stop flowing. The physical model of pore water in unsaturated soils is shown in Figure 1 . In the physical model, is surface tension; and are curvature radius of water surface; 1 and 2 are the volume of air; is the volume of water; ℎ is the height of water element; is radius of pore; and are the angle between the tangent of water surface and the pore boundary; is gravity of water element. According to geometric relationship, 1 , 2 , and are presented in
According to the equilibrium condition of statics are as follows:
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According to (1), (2) can be expressed as
Equation (3) is the equilibrium conditions of gravity drainage.
Since the pressure gradient is the driving force of the gas and water movement, it is possible to increase the pressure gradient by applying a negative pressure difference across the pore water to promote the movement of unsaturated water. Therefore, according to equilibrium conditions of gravity drainage, when the air pressure difference, Δ , is generated by vacuum pumping on both ends of the pore water, (3) can be changed into
Equation (4) is the balance equation of the pore water under the pressure difference condition. It is can be seen from the equation that when
the equilibrium of the equation will be broken and the pore water begins to move under the pressure difference. At the same time, a conclusion can be drawn that the larger the pressure difference is, the more the pore water can be driven. Therefore, in order to pump the unsaturated water, the negative pressure can be applied to the drainage well to increase the pressure difference.
Darcy's Law of Unsaturated Seepage
Unsaturated seepage can be studied using Darcy's law [23] . Darcy's law is
where V is the velocity of flow; is permeability coefficient; ℎ / is hydraulic gradient. For unsaturated soils, the permeability coefficient is not constant and is a function of water content or matric suction ( − ). Therefore, it is necessary to consider the change of permeability coefficient in studying unsaturated seepage.
For an unsaturated soil element, there is a one-dimensional steady flow in the -direction. The soil element is shown in Figure 2 .
In Figure 2 , V is the volume of water flowing through the unit area of soil in -direction. According to the continuity of water flow, the amount of water entering the soil element is equal to the amount of water flowing out, which can be shown in
The net flow can be worked out from (7): Substituting Darcy's law into (8),
( − ) is the permeability coefficient of the unsaturated soil, which is related to the matric suction and changes in the -direction.
represents ( − ) in the following, conveniently. ℎ / is hydraulic gradient in -direction; ℎ is waterhead. Equation (9) is one-dimensional steady seepage equation of unsaturated soil. After being simplified, (9) can be expressed as
In this study, only the seepage law of unsaturated soil in horizontal direction is considered, so the position head is steady along -direction and the pore water pressure head is variable.
Finite Difference Solution of Vacuum Seepage in Waterhead Boundary Conditions
For one-dimensional steady vacuum seepage of unsaturated soil, the water pressure head ℎ 0 at the boundary of the vacuum seepage field is measured as a boundary condition. The water pressure head ℎ V0 is measured at the wall of the vacuum well as another boundary condition. The onedimensional seepage area is equidistantly separated into points with the pitch of Δ . The calculation model is shown in Figure 3 . The boundary condition is The finite difference equation at the point is
where ( −1) , , and ( +1) are the permeability coefficients at points − 1, , and + 1, respectively. ℎ ( −1) , ℎ , and ℎ ( +1) are the water pressure head at points − 1, , and + 1, respectively.
Equation (12) can be changed as follows:
In the differential calculation, the saturated permeability coefficient is used to calculate water pressure head at every point in the first iteration process. Then, the matric suction will be determined according to the water pressure head worked out before. After finding out the matric suction, the permeability coefficient of unsaturated soil can be determined according to the relationship between matric suction and permeability coefficient. At this time, the first iterative process is completed. Furthermore, next iterative process begins by submitting the calculated permeability coefficient to (13) . The iterative process will continue until the water pressure head and permeability coefficient become stable. The permeability coefficient keeps stable during each iterative process, which means the equation for each iteration is linear equation.
The corresponding relationship between permeability coefficient and matric suction of unsaturated soil should be solved according to soil water characteristic curve (SWCC). The permeability coefficient of unsaturated soil varies with the water content, so the permeability coefficient is a function of water content. Meanwhile, the volume water content can be written as a function of the matric suction ( − ), and the SWCC can be obtained according to the relationship between and ( − ). Therefore, the permeability coefficient of unsaturated soil can also be expressed by the matric suction and unsaturated soil permeability coefficient can be obtained through the soil water characteristic curve.
First, the soil water characteristic curve is equally divided into parts along the volume water content. Then the permeability coefficient is calculated using the matric suction corresponding to each intermediate point [20] . The permeability coefficient corresponding to the water content in zone is
where
; is zone number; is the count from to ; is measured saturated permeability coefficient; sc is calculated saturated permeability coefficient; is density of water; is gravitational acceleration; is absolute viscosity of water; is saturated volume water content; is interaction constants of pores with different sizes, which is assumed to be 2; is the total number of discontinuities between saturated volume water content and zero volume water content, = [ /( − )], ≤ , = , when = 0; ( − ) is matric suction corresponding to the th discontinuous midpoint.
As an example, Figure 4 is a soil water characteristic curve.
For Figure 4 , the curve is divided into 6 parts. The values of 6 points are shown in Figure 5 .
Since the value of does not affect the final value of [20] , the value of is assumed to be 1 for calculation. In this example, the saturated permeability coefficient = 1 × 10 −8 m/s, so sc is worked out as follows:
Substituting the matric suction values in Figure 5 into (15) yields sc = 3.6 × 10 −3 m/s, so / sc = 2.8 × 10 −6 in (14). According to the obtained parameter values, the permeability coefficient can be found when the matric suction value in Figure 5 is substituted into (15) . The calculated results of the example are shown in Table 1 . It can be seen from Table 1 that the water permeability coefficient decreases as the matric suction increases. This is because when the matric suction increases, the water content decreases and gas occupies more volume, which leads to reduced water permeability coefficient.
The calculation process of the example is a step of the difference method. Using the method above, assume the pore water pressure is −40 kPa, the vacuum influence range is 5 m, and the pore water pressure at the distance of 5 m is −10 kPa in the one-dimensional unsaturated soil shown in Figure 3 . Then the water pressure of the one-dimensional steady seepage under vacuum effect is shown in Figure 6 .
It can be seen from Figure 6 that the water pressure at every point is equal when unsaturated soil is in the absence of vacuum pressure, which will not produce seepage. When the vacuum is applied to the unsaturated soil, the water pressure at each point is reduced. The closer the distance is from the vacuum well, the lower the pore water pressure value is. Thus the unsaturated water under the action of vacuum negative pressure began to seep by increasing the hydraulic gradient. The average hydraulic gradient between every two points is shown in Figure 7 . Figure 7 shows that, under the effect of vacuum pressure, the hydraulic gradient decreases when the distance increases. The hydraulic gradient is related to the transfer of vacuum degree. 
Finite Difference Solution of Vacuum Seepage in Flux Boundary Conditions
The calculation model of finite difference solution of vacuum seepage in flux boundary conditions is shown in Figure 8 . The flow at point is represented with the head at +1 and − 1 by Darcy's law: where is the cross-sectional area of soil element. Then ℎ ( +1) can be expressed as
It can be obtained by submitting (17) into (13) that
ℎ can be worked out as
Water pressure head at each point can be solved using calculation method presented in Section 3. The permeability coefficient is assumed = −1 when calculating the waterhead at the boundary.
In the one-dimensional model of unsaturated seepage shown in Figure 8 , assuming that the pore water pressure at the well wall is −40 kPa, the influence distance of vacuum pressure is 5 m, the cross-sectional area is 2 m 2 , and is 5 × 10 −9 m 3 /s. The water pressure of the one-dimensional steady seepage under vacuum effect is shown in Figure 9 .
The results presented in Figure 9 that vacuum pressure can also increase the hydraulic gradient in flux boundary condition, which will accelerate the seepage of unsaturated water. The closer the distance is from the vacuum well, the lower the pore water pressure value is. For this example, the calculated pore water pressure becomes 0 kPa in the vicinity of 3 m and then becomes positive later. This is because the pumping capacity is not sufficient in this example, which leads to the result that the complement of pore water near the boundary is timely and enough and the soil becomes saturated there. However, the pore pressure near the well is still negative because of the vacuum effect, so the pore water pressure will become positive at a certain location. It can be calculated in the same method that if the vacuum pressure in the well or the boundary flux is drastically reduced, the point at which the pore water pressure is 0 kPa will be further away from the vacuum well and the pore water pressure values may also be all negative. In summary, the pore water pressure becoming positive is related to the specific conditions of the example and different boundary conditions lead to different calculation results.
The average hydraulic gradient between every two points is shown in Figure 10 . Figure 10 shows that, under the effect of vacuum pressure, the average hydraulic gradient decreases as the distance increases. The hydraulic gradient is related to the distribution of vacuum degree.
The comparison between variations of hydraulic gradient along the drainage distance in the waterhead boundary condition and flux boundary condition is shown in Figure 11 .
It can be found from the curves that the hydraulic gradient in the flux boundary condition tends to decrease faster than that from the waterhead boundary case in this example. This is because, in the waterhead boundary condition, the water continuously flows to the border to ensure that the waterhead value is constant and negative. However, the water supply at the border in flux boundary condition is sufficient for this example, which makes the pore pressure positive and the waterhead is much higher than the beginning when the dynamic equilibrium of seepage is reached. Thus the hydraulic gradient in the flux boundary condition decreases faster than that from the waterhead boundary case in this example.
Conclusions
(1) Due to the surface tension, much unsaturated water can not be drained off by gravity drainage method. This part of the water will seep by applying vacuum pressure difference.
(2) According to the relationship between matric suction and permeability coefficient, a one-dimensional model of vacuum seepage of unsaturated soil is established. According to the head boundary condition and flux boundary condition, the finite difference method is used to solve 2 examples. The results show that the vacuum pressure acting on the well wall can increase the hydraulic gradient in the seepage area of unsaturated soil, which makes the residual unsaturated water flow.
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